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Abstract. Markov RandomFieldsare widely usedin many imageprocessing
applications.Recentlythe shortcomingsof someof the simpler forms of these
modelshavebecomeapparent,andmodelsbasedon largerneighbourhoodshave
beendeveloped.Whensingle-siteupdatingmethodsareusedwith thesemodels,
a largenumberof iterationsarerequiredfor convergence.TheSwendsen-Wang
algorithmandPartial Decouplinghave beenshown to give potentiallyenormous
speed-upto computationwith the simpleIsing andPottsmodels.In this paper
we show how the sameideascanbe usedwith binary Markov RandomFields
with essentiallyany supportto constructauxiliaryvariablealgorithms.However,
becauseof thecomplexity andcertaincharacteristicsof themodels,thecompu-
tationalgainsarelimited.

1 Introduction

Markov RandomFields(MRFs)wereintroducedinto theimageprocessingliteraturein
1984[3], andhave sincebeenwidely usedfor many tasks,mainly in low level vision.
Despitetheincreasein computationalpowerthathasbecomeavailable,andtheinherent
parallelisationthat canbe appliedto the computationalalgorithms,computationwith
MRF modelsandsingle-siteupdatingalgorithms(the usualforms of the Gibbssam-
pler andMetropolis-Hastings[5] algorithms)is time consuming.In statisticalphysics
applications,wheretheaimis to simulatelargeinteractingspinsystems,theSwendsen-
Wang(SW) algorithm[11] wasdevelopedto speedup the computation,especiallyat
thecritical point, whensimulatingthe Ising [8] or Pottsmodels.TheMulti-Level Lo-
gisticmodelof [3] is just thePottsmodel,andsotheSWalgorithmis applicablein that
case.However, it hasbecomeapparentthattheIsingor Pottsmodeldoesnotcapturethe
imagecharacteristicsthatareimportantin segmentationtasks[10]. This hasmotivated
thedevelopmentof MRFswith longerrangeandmorecomplex formsof interaction[1,
12] to modelmoreadequatelythestructurespresentin typical segmentationimagery.
The applicationof thesemodelshasprovedsuccessful,but single-siteupdatingalgo-
rithmshave provedcomputationallyintensive, especiallywhenthereis a requirement
to estimatethe hyperparametersof thesemodels[4]. Motivatedby the successof the���
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SW algorithmto dramaticallyspeedup computationwith the Ising or Pottsmodel,in
this paperwe investigatethe useof the auxiliary variableapproachappliedto MRFs
with longrangeinteractions,bothin theform usedin theSWalgorithm,andthepartial
decouplingapproachproposedin [6]. TheSWalgorithmhasmostbenefitnearthecrit-
ical point of the Ising model.The auxiliary variablemethodsdevelopedin this paper
appearto be of limited benefitfor the simulationof modelswith long-rangeinterac-
tions.This is likely to bebecausethemodelsarebeingusedwell awayfrom any critical
regimes.Indeedthepresenceor absenceof critical behaviour in modelswith long-range
interactionhasto bedemonstratedonamodel-by-modelbasis.Whetherthelong-range
interactionmodelconsideredin thispaperhasa phasetransitionis currentlyunknown.

2 Auxiliary Variables for Markov Random Fields

2.1 The Swendsen-Wang algorithm and Partial Decoupling

Theideabehindauxiliaryvariablemethodsis thefollowing:
It is desiredto simulatea distribution � � x � . Auxiliary variablesu areintroduced,

with conditionaldistribution � � u � x � . Thisgivesajoint distribution � � x � u �
	�� � u � x ��� � x � ,
with the desiredmarginal distribution for x of � � x � . Simulationof this distribution is
generallyperformedby alternatelyupdatingu andx – the ideabeingto define � � u � x �
suchthattheupdatescauserapidmixing. Therealisationsof x arethosedesired.

TheIsingmodelis definedby� � x �

������ ������ ����� I � � � 	�� �� "!# (1)

where$&%(' indicatesnearestneighbourpairs.
For theSW algorithmthedistribution � � u � x � is definedsuchthat the ) �*� areinde-

pendent,andis+ � ) �*� � x �

������ ��, � I � � � 	�� �  � I � -�./) �0� .(����� � � I � � � 	1� �  �  (2)

where) �0� canbeconsideredasacontinuous‘bond’ variablebetweenthepixels � � and� � andI �32  is theindicatorfunction.This resultsin� � x � u �

54�"�6� I � -�.7) �0� .(�8�9� � � I � � � 	1� �� �  (3)

Whatdoesthischoiceof distributiongiveus?Consideringfirst + � ) �0� � x � , for ) �0�;:=< we
musthave ����� � � I � � � 	�� �  � :>< , or equivalently, � � 	1� � . Thus ) �*�?:5< constrains� �
and � � to bein thesamestate.Conversely, if � � and � � arein thesamestate,whatis the
probabilityof ) �0� :=< ?Fromtheconditionaldistribution in equation2 wehave that+ � ) �*�?:>< � � � 	1� � �
	 < , ����� ��, � � (4)

Sinceit is only importantwhether) �0� is greateror lessthanonewe maythink of the) �0� asbinarybondvariables.Fromequation4 thebondvariableis presentbetweentwo



pixelsin thesamestatewith probability < , ����� ��, � � . To sampleu thusinvolvesplacing
bondsbetweenneighbouringpixelsof thesamestatewith probability < , ����� ��, � � and
omittingbondsbetweenneighbouringpixelsof differingstates.

Oncethebondsarein place,theconditionaldistribution � � x � u � saysthatall config-
urationswherebondedpixelsareof thesamestateareequallyprobable.Thusto update
x we form clustersof connectedpixelsandassignto all pixelsof theclusterthesame
state,chosenuniformly from the allowedstates.This schemeallows potentiallylarge
clustersof pixelsto changestateateachiteration,allowing theMarkov chainto explore
thedistribution freely.

In the discussionabove we have assumedthat the parameter

�
in the Pottsmodel

is positive, inducingclustering.However, the SW algorithmis still applicableif

�
is

negative. In this casea similar argumentgivesthat neighboursin differentstatesare
constrainedto remainin differentstateswith probability < , ����� � � � . This forms‘clus-
ters’whereneighbouringsitesin theclustermustbein differentstates.

Partialdecouplingwasintroduced[6,7] to overcomesomeproblemswith thebasic
form of theSW algorithmwhensimulatingsystemswith data.In thiscasegrowing the
clusterswithout taking any accountof the datacan be unhelpful,as the clustersare
unlikely to reflectthestructurein thedata.A modificationto theconditionaldistribu-
tion of the auxiliary variablesallows the datato be taken into accountwhenforming
theclusters.Later in this paper, we will usethis modificationto systematicallyreduce
thestrengthof theconstraintsintroducedby the complexity of thehigherorderMRF
models.

TheSW algorithmformsclusterswhich arecolouredindependently. The ideabe-
hind partialdecouplingis to reducetheprobabilitythatbondswill beplaced,with the
consequencethattheclusterswill notbeindependent,andsothecolouringof theclus-
tersthemselveswill have to beupdatedusinga Markov chainMonteCarlo (MCMC)
scheme[6].

Insteadof thedefinitionof + � ) �0� � x � in equation2 above,wenow define+ � ) �0� � x �

1�8��� ��,A@ � I � � � 	1� �  � I � -B./) �0� .7�8�9� �C@ �ED � � � 	�� �  �  (5)

where
@

is afixedconstantbetweenzeroandone.This resultsin� � x � u �

1�8�9� ��F� �"�6� � < ,G@ � � I � � � 	�� �� "!#IH 4����� I � -B.7) �0� ./����� �J@ � I � � � 	1� �� �  (6)

So now we form clusters(or enforcethe dissimilarity of neighbours,in the caseof
negative

�
) by bondingpixelswith probability < , ����� ��,A@ � � . However, the clusters

thusformedarenot independent,andtheir colouringmustbeupdatedconditionallyon
the pixels neighbouringthe cluster. Thuscluster K takescolour L , conditionalon its
neighbors,M � KN� with probability� � LO� M � KN���P
Q�8��� �� ��"�6�SR �CTVUXW ��TZY\[*U9] � < ,^@ � � I � L�	�� �  !# (7)

andis updatedusing,for example,theGibbssampleror theMetropolis-Hastingsalgo-
rithm.



In [7] the
@
’s werechosento split the latticeup into regularblocks.In [6] thedata

wasusedto setthevaluesof
@

to encourageclusterssupportedby thedata.In thispaper
we will usethe

@
’s to avoid overconstrainingthe possibleupdates,andto reducethe

complexity introducedby negative

�
’s.

2.2 The ‘chien’ model

In its original formulationthe‘chien’ model[1] wasdefinedasa binaryMRF, where
thepotentialfunctionconsidereda _ H _ neighbourhood,and ` H ` cliques.For aclique
of size ` H ` thereare512configurations.Whensymmetriesareremoved,this reduces
down to 51 classes.Theseclassesareshown in figure 1. By consideringthe energy
associatedwith linesandedges,the51 parameters,a � to a�b � , in figure1 werereduced
down to functionsof threeparameters,representingboundarylength( c ), line length( d )
andnoise( e ). Thereaderis referredto [1] for full detailsof thismodel.
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Fig. 1. The51 classesof cliqueconsideredin the‘chien’ model

2.3 Auxiliary variables for the ‘chien’ model

Conventionally, theprobabilityof aconfigurationof anMRF is writtenin thefollowing
form + � x �
	 <f �����hg �ZikjXl �

x ��m (8)

Thatis, thetotalenergy of theconfigurationis madeupof a sumoverall thecliquesof
thepotentialsassociatedwith eachcliqueconfiguration.In theIsing/Pottsmodelthese
cliquesaretheneighbouringpairs,andtheconfigurationsthestateof homogeneityof



thesepairs.In the ‘chien’ modelthecliquesare ` H ` blocks,andtheconfigurations
arethoseshown in figure1. For theIsing/Pottsmodel,writing theenergy in theform+ � x �

������ �� � �"�6� � �*� I � � � 	�� �  !# (9)

indicateshow to introduceauxiliary variablesto induceclusterswith eitherreducedor
eliminateddependency betweenthe clusters.To introducesimilar auxiliary variables
for the‘chien’ model,wemustwrite thepdf for the‘chien’ modelin a similar form.

Thepdf for the‘chien’ modelcanbewrittenas+ � x �

Q�8��� �� � �on �Cp � �rq � �ra � ��s � ��c � �rt � ��u � �rv � ��$ � � !# (10)

wherethe pixels are labeledasshown in figure 2, the sumover ' is over all sitesin
the imageand n � 2 � is the valuegiven by the classificationin figure 1. In subsequent
equationswewill dropthe ' subscriptto simplify thenotation.
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Fig. 2. Labeling of the pixels in a
cliqueof the‘chien’ model

Fig. 3. Sample from the ‘chien’
model, wPxzy|{ }|~���x/��{ ��~���xQ��{ �

Theenergy of acliquecanbewritten,usingthis labeling,asn �Jp �SqV��a���sX��c��rt6��u6�SvO��$���	
I � p 	>c  I � q�	1c  I � aA	1c  I � s�	>c  I � t�	1c  I � u�	1c  I � v\	�c  I � $&	>c  a ��
I � p 	>c  I � q�	1c  I � aA	1c  I � s�	>c  I � t�	1c  I � u�	1c  I � v\	�c  � < , I � $F	>c  ��a���
I � p 	>c  I � q�	1c  I � aA	1c  I � s�	>c  I � t�	1c  I � u�	1c  � < , I � v�	1c  � I � $�	1c  a���
I � p 	>c  I � q�	1c  I � aA	1c  I � s�	>c  I � t�	1c  I � u�	1c  � < , I � v�	1c  � � < , I � $�	�c  ��a b
...� � < , I � p 	>c  � � < , I � q�	1c  � I � aA	�c  � < , sX� s�	>c  � � < , I � t�	>c  �

I � u�	>c  I � v�	>c  I � $�	1c  a8��b



...� � < , I � p 	>c  � � < , I � q�	1c  � � < , I � aA	�c  � � < , I � sB	�c  �� < , I � t�	�c  � � < , I � u�	1c  � � < , I � v�	>c  � � < , I � $F	>c  ��a8� (11)

wherethe a ’s arethecliqueparametersfrom figure1. A computeralgebrapackagecan
beusedto expandthisexpression,andthento reduceit into a simpleform, whereeach
entry is a productof termsof the form I �32�	�2  , for exampleI � p 	�c  � a�� , a��V� and
I � p 	�c  I � q�	�c  I � aA	�c  I � u�	�c  I � v�	>c  ��, a8� � `|a�� ��� a ��� , `|a � b � a ��� , � a�� � , `|a��r� ,a ��� , a � � � a � � , a �r� , a � � �^� a ��� �^� a � � , a�� � , a�� � , a��r� � `|a�� b � a�� � � a�� � � etc.In
fact,termsinvolving all pairs,triples,4-tuples,5-tuples,6-tuples,7-tuples,8-tuplesand
the single9-tuplearepresentin this representation(somewith a coefficient of zero).
Thisenablesusto write theenergy in theformn �Jp �SqV��a���sX��c��rt6��u6�SvO��$���	

I � p 	>c  �� �¡8¢�£ � I � q�	�c  �� r¤¥¢�£ ��¦8¦Z¦�
I � p 	>c  I � q�	>c  �� r¡�¤¥¢�£ � I � p 	�c  I � aA	�c  �� r¡ l ¢�£ �1¦Z¦8¦�
I � p 	>c  I � q�	>c  I � aA	�c  �� r¡�¤ l ¢�£ ��¦8¦Z¦�
I � p 	>c  I � q�	>c  I � aA	�c  I � s�	>c  �� r¡�¤ l�§ ¢�£ �1¦Z¦8¦�
I � p 	>c  I � q�	>c  I � aA	�c  I � s�	>c  I � t�	�c  �� r¡�¤ l�§ ¢�¨�£ ��¦8¦8¦�
I � p 	>c  I � q�	>c  I � aA	�c  I � s�	>c  I � t�	�c  I � u�	1c  �� r¡�¤ l�§ ¢�¨Z©8£ ��¦8¦8¦�
I � p 	>c  I � q�	>c  I � aA	�c  I � s�	>c  I � t�	�c  I � u�	1c  I � v�	1c  �� r¡�¤ l�§ ¢�¨Z©�ª�£ ��¦8¦8¦�
I � p 	>c  I � q�	>c  I � aA	�c  I � s�	>c  I � t�	�c  I � u�	1c  I � v�	1c  I � $F	>c  �� �¡8¤ l�§ ¢�¨8©�ª � £

(12)

In this representation,thedistributioncanbewrittenas� � x �N
 4S« �8��� �� � � I
« � p �rq���a��rs��rc¬�St6��u��rvE��$  �� r¡ W ¤ W l W § W ¢ W ¨ W © W ª W � £ !# (13)

whereI
« �32  �� �­ £ arethetermsin equation12, L beingtheindex of theterm.This is now

in a form whichmakesapplicationof theextensionto theSWalgorithmin [2] clear.
We introducea setof independentauxiliaryvariables,u

«
, correspondingto eachof

thetermsin therepresentationof equation12,with conditionaldistribution� � ) « � '9�8� x �
	������\® , I
« �32  �� �­ £Z¯ I � -B.7) « � '9��./������® I « �32  �� �­ £Z¯  (14)

Thatis, for eachtermI
« �32  �� �­ £ wehaveasetof auxiliaryvariables,u

«
asin thestandard

SW algorithm.Eachelementof u
«
, ) « � '9� is independentanddrawn from a uniform

distribution °�� -����8�9� � I « � p � �rq � � ¦8¦Z¦  �� �­ £ �  , resultingin aconditionaldistributionfor x of� � x � u �
	=4 � 4 « I � ) « � '9��.7����� � I « �32  �� �­ £ �  (15)



So we now have that x � u is uniformly distributed,providedthat theconstraintsintro-
ducedby theparticularrealisationof theu variablesaresatisfied.Theseconstraintsnow
form ‘bonds’ betweengroupsof up to 9 pixelsat a time,constrainingthegroupsto be
in the samestate,for

�� �­ £ : - , or groupsof up to 9 pixelsareconstrainedto not all
be in thesamestate,for

�� �­ £\± - . An analogousprocedurecanbeperformedfor any
binaryMRF.

We candivide thetermsinto two classes,thosewherethecoefficient

�� �­ £
is greater

thanzero,andthosewhereit is lessthanzero.Theupdateprocedureis thenasfollows

1. For eachtermin theexpansionof equation11 with

�� �­ £ : - , for eachsite ' , if all
thepixelsconcernedarein thesamestate,constrainthemto bein thesamestatein
thenext iterationwith probability < , ����� ��, �� �­ £ � .

2. For eachterm in the expansionwith

�� �­ £/± - , for eachsite ' , if all the pixels
concernedarenot in thesamestate,constrainthemto notall bein thesamestatein
thenext iterationwith probability < , ����� � �� �­ £ � .

3. Chooseany randomcolouringwhichsatisfiestheconstraintsfrom steps1 and2.

Theconstraintsgeneratedin step1 (type1 constraints)areeasilydealtwith – there
areonly two waysthata groupof e pixelscanall behomogeneousin a binaryMRF.
Thuswe canuseall of theconstraintswith

�� �­ £ : - , irrespective of how many pixels
are includedin that term, to form clustersof pixels in a similar mannerto the SW
algorithm,whereall thepixelsin a clustermustbein thesamestateaftertheupdate.

The constraintsfrom step2 (type 2 constraints)aremoreproblematic– thereare��² , �
waysa groupof e pixelscannot all bein thesamestatein a binaryMRF. The

updatestrategy usedwasthatknown as‘generate-and-test’[9]. This heuristicmethod
workswell wheneitherthedensityof theconstraintsis low (suchthat therearemany
configurationsthatsatisfyall theconstraintsandfindingoneis relatively easy),or when
thedensityof constraintsis high,whentherearevery few solutions,but local changes
thatsatisfytheconstraintswill almostalwaysmovetowardsoneof thefew globalsolu-
tions.

The‘generate-and-test’approachresultsin thefollowing algorithm.

1. Startfrom a randomconfigurationthatsatisfiesthetype1 constraints
2. Go throughthelist of type2 constraintsuntil oneis notsatisfied
3. To satisfythisconstraint

(a) flip thestateof oneof theclustersinvolvedin thisconstraint
(b) if theconstraintis still not satisfied,un-flip this cluster, andflip anotheruntil

theconstraintis satisfied
4. Go to step2 until all theconstraintsaresatisfied

Becausetheconstraintsaregeneratedfrom thecurrentcolouringof thepixels,we
know that thereis at leastonecolouringwhich satisfiesall the constraintsin stage2.
(However, thiscolouringis notof interestto us;thewholepointof constructingtheaux-
iliary variablealgorithmis to find a recolouringthat is significantlydifferentfrom the
currentcolouring.)Irreducibility is, however, guaranteed,asthereis a non-zeroproba-
bility of noconstraintsbeingplaced,resultingin thex variablesbeingindependent,and
soany statecanbereachedin oneupdate.



Figure 3 shows a sample,generatedby the single-siteGibbs sampler, from the
‘chien’ model,with the parametersbeing c³	´- ¦ µ ��d�	 < ¦ _���eo	 < ¦ ¶ , after 10,000
iterations.Theseparameterswerechosento give a samplewhich shows regions to-
getherwith fine structure.Startingfrom a randominitial image(eachpixel is blackor
whitewith probability0.5),figure4 showstheclustersinducedby thetype1 constraints
for thissetof parametervalues– thebond-graphshowshow thepixelsareconstrained,
andthe clustermapshows how the bondsdivide the imageup into groups(thereare
actually109regionsin this image).Clearlywith thisdensityof type1 constraintsfind-
ing a colouringwhich satisfiesthetype2 constraintswill beeasy. It will, however, be
very similar to the initial colouring.This motivatesthe useof the partial decoupling
approach– the

@
’s canbechosento reducethedensityof type1 constraints.

If theinitial stateis all of onecolourthesituationis worse– almosteverypixel will
bebondedinto oneregion,andthesamplerwill beessentiallyimmobile.
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Fig. 4. Bond graph(left) and region map (right) from the type 1 constraintsfor the SW type
algorithm(seetext)

2.4 Partial decoupling for the ‘chien’ model

Thedensityof thetype1 constraintsleadto analmostimmobilealgorithmin theprevi-
oussubsection.Herewe considerhow partialdecouplingmayhelpthemobility of the
samplerby reducingthedensityof thetype1 constraintsandby eliminatingthetype2
constraints.Thisalsoresultsin aneasierupdatealgorithm.

To derivethepartialdecouplingalgorithm,thesamerepresentationof theenergy as
in equation12 is used.However, theconditionaldistributionof theu

«
’s is now� � ) « � '��Z� x �

1�8����® I « �·2  @  �­ £��� �­ £8¯ I � -�.7) « � '9��.7�����\® I « �32  @  �­ £��� �­ £8¯  (16)

where
@  �­ £

is the factorassociatedwith eachof the auxiliary variables.This enables
the influencein the clusteringand anti-clusteringof eachterm in equation12 to be
controlled.In practisethis enablesthe complexity of the updatealgorithmcausedby



the termswith

�� �­ £G± - to be eliminated,by choosing
@  �­ £ 	I- for theseterms.In

theexperimentsdescribedbelow, thesamevalueof
@

wasusedfor all the termswith
�� �­ £ : - .

With thissetof auxiliaryvariables,theconditionaldistributionof x � u is now� � x � u �

=4 �¹¸º 4« R »|¼�½ ¾�¿ � �8�9��® I « �·2  �� �­ £8¯ H 4« R »|¼�½ ¾�À � �8���\® I « �·2  � < ,G@  �­ £ � �� �­ £Z¯H 4« R » ¼�½ ¾ À � I � ) « � '9��.(�8��� � I « �32  @  �­ £��� �­ £ �  ·ÁÂ (17)

Thefinal termof thisequationis theclusterconstraints– whenupdatingtheu
«ÄÃ �� �­ £ :- , thepixelsarebondedwith probability < , �8��� ��,A@  �­ £��� �­ £ � , andthis termssaysthat

all thepixelsin a clustermustbethesamecolour.
Thefirst two termsgive the distribution of thecoloursof the clusters.From them

wecaneasilyderive theconditionaldistribution for thecolourof eachcluster, givenits
neighbours.For computationalpurposes,it is convenientto transformtherepresentation
backinto theform of equation10,exceptthatnow thepotentialsof theconfigurations
have beenmodifiedby theinclusionof the

� < ,z@  �­ £ � terms.This allows simplercom-
putationwhencomputingtheprobabilitiesof theallowedcoloursfor theregionswhen
implementingtheGibbssampler.

This resultsin a form of block updatealgorithm.Theweakenedclusterconstraints
form regions,thesizeandshapeof which is a functionof themodel.Theseregionsare
thenrecolouredwith probabilitieswhich reflectthe clusterformationprocessandthe
model.

Figure5 shows thebond-graphandthecorrespondingclustermapfor theapplica-
tion of thepartialdecouplingalgorithmto aninitial randomimage.Clearlythedensity
of thebondsis muchreducedfrom figure4, so thealgorithmshouldbemoremobile.
Thecolouringof theclustersis updatedconditionallyon thecluster’s neigbours,using
the Gibbssampler. Figure6 shows the initial imageandthe resultafteroneiteration.
The algorithm clearly moves rapidly towardsthe equilibrium distribution. However,
furtherupdatesusingthePartialDecouplingalgorithmrapidlymovetowardsanalmost
uniform image– evenwith reducedbondingstrength,thenumberof possiblewaysthe
pixelsin a uniformregioncanbebondedresultsin mostof thembeingjoinedinto one
cluster, andthentheconditionalupdatewill preferentiallyre-colourtheregionsto elim-
inateedges.The algorithmis thusof limited applicability– it movesrapidly towards
theequilibriumdistribution,but movesslowly onceit hasconverged.

3 Conclusions

We have shown how to constructanauxiliary variablealgorithmfor theMRF known
asthe‘chien’ model,andexplainedhow this methodmaybeusedwith anessentially
arbitrarybinaryMRF. Becauseof thestrengthof interactionin themodel,however, in-
troducinga full setof auxiliaryvariablesresultsin asamplerwhichmovesveryslowly.
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Fig. 5. Bond graph (left) and region map (right) for the Partial Decouplingalgorithm ( Å1xy�{ y�y���Æ )

Fig. 6. Initial randomimage(left) andimageafteroneiterationof thePartial Decouplingalgo-
rithm (right)



Reducingthe setof auxiliary variables,andreducingthe influenceof thoseincluded,
enablesanalgorithmto beconstructedwhichis a form of block-updatealgorithm.This
movesrapidly from a randomstartpoint towardstheequilibriumdistribution,but then
movesinto oneof themodesof thedistribution,andbecomesimmobile.

TheSW algorithmfor theIsing modelshowsmostspectacularimprovementat the
critical point, whenthe correlationlengthbecomesinfinite. The ‘chien’ modelwith
parameterscorrespondingto thecharacteristicsof realimagesdoesnotseemto exhibit
this behaviour, andsoauxiliary variablesareof lessbenefit.Whetherthe ‘chien’ and
otherhigherordermodelsdo show critical behaviour for someparametervaluesis an
openproblem.If they do, then the algorithmdescribedin this papershouldbe very
usefulfor simulatingthemodelsin thosebehaviour regimes.
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